1st ORDER DIFFERENTIAL
EQUATIONS




2.1 Types of 1st ODE

® Separable Equations
® Homogeneous Equations
® Linear Equations

® Exact Equations




Separable equations

General form:

B2y ) 2

dv  h ( y) " dr g( x)
Method of solution:
1. Reform the given differential equation into the general

form of separable equation (above)

2. Rearrange the equation to ﬁ dy = g( x) dz

3. Integrate both side of equation in step 2
4. Obtain the general solution = /#~ ( y) = G (x) +




Example 2.1

Solve the differential equation

ay _ 4z
adr Syg




Solution :

Step 1 - Separate the equation into the form, 3y°dy = 4zdx
Step 2 : Integrate the both sides,

f?)y?’a’y = f4,m’x

4
S I
4
Step 3 - Rearranging, this equation becomes:

4
3i:2zz—|—c:>y4:§z2+é—|—0
4 3 3

Step 4 - General solution is,

1

y:[gzz +A]4, whereﬁlzgéY




Example 2.2

Solve the differential equation
y =42’y
and given that y(()) = 2




Solution :

Step 1 : — = 42%dr
Y
dy
Step 2 —Ldy = | 42%dx
J =]
42°
In|lyj=—+ C
-
@4_0 ﬁ
Step 3.  y=e€3 = y=e3 -
Step 4 - General solution is,
423

y= De3 ,where D= e“




Step 5 - Given that y(O) = 2

4 3
—Z
Particular solution: y = 2¢3




HOMOGENEOUS equations

Homogeneous functions are functions where the sum of

the powers of every term are the same.

) flzy)= 2 +412y+3_,£
deg3 deg 3 deg 3

o
deg3  degl
3) flay)= & +44° + 4




General form:

dy

< — ‘Z’,

= /2)
Method of solution:

1. Rearrange the equation in the general form
2. Show that / </\x, /\y) =/ ( z, y) (Test the homogeneity)

3. Substitute ¥ = 2z and ay = z’@ -+ v 1nto the general
dz dx

form of homogeneous equation.
4. Separate variables z and v to form separable equation.

5. Integrate both side of equation in step 4

6. Substitute » = < into solution in step 5 and simplify the solution.

A




Example 2.3

Solve the differential equation

dy 7+
dx Yy




Solution :

Step 1 : Test homogeneity,

74y
Y

()" + (o)
(Az)(Ay)

NG

A (ay)

_ Y

Y
hence, the equation 1s homogeneous.

fzy) =

= f(/\x,/\y> =

f(zy)




dy dv

Step 2 : Substitute y = zvand — = r— 4+ v into
dx dx
homegeneous equation,
2
dv 7 + (17/)
rT— + v =
dx .Z'(xz/)
P4+ 14
v v
Step 3. Rearranging, this equation becomes: (separable form)
dv 1+
r— = — v
dx v
dv 1
r— = —
dv v
1
vdv = —  dzr




Step 4 Integrate the both sides,

fva’z/:fé dr

£'3Mx+0
2
/ =2(lnz+ C)
Step 5 : General solution is,
2
[Z] — 2<1nx + 0) (by substituting v = Z)
) z

g_ 2(1nx+ 0)
v =27 (lnz + C)




Example 2.4

Solve the differential equation

Vdr = (xy—élzz)dy




Solution :

dy v

Step 1 : = =
dv  zy— 427

Step 2 : Test homogeneity,

f(zy)

hence, the equation 1s homogeneous.




Step 2 : —
v x$+v x(x?/)—4z2
_2P)
z2(?/—4) v—4
Step 3 - xcz’v: il — v
dr v—4

dv e 7](7]—4)

T— = —
dv v—4 v—4
dv 4y

Z —

dv v—4
v_4a’v:la’x




Step 4 Integrate the both sides,
v—4 1
dv= | —dzx
f 4v f z
1 1 1
———\|dv= | —dz
f [ 1 7/] f z

iv—lnvzlnx—kﬁ

iv: ln(xv) + C

v = 4ln(x7/> +4C




Step 5 : General solution is,

Y _ 41n[x- 2] + 4C" (by substituting v = g)
z z “
g _ 4Iny + 4C
z
Y
el — elny4 . 640
v y
A 4C

et =y et = y4 = Aer, where A = e




Example 2.5

Verify that the differential equation

dy 3¢° + day
dr  2zy+ 227
1s homogeneous. Then find the general solution.




Example 2.6

Find the solution for the following differential
equation

(25&2 — yz)a’y = dzydz




Example 2.7

By using the substitution z = X' +1and y = ¥ — 2,
show that the given differential equation

dy  2z+y
dr  y+ 2

can be reduced to a homogeneous equation.

Then, solve 1t.




linear equations

General form:

o(2) % + 0(2)y = c(2)

dz
Method of solution:

1.  Write the equation in the form:

Gt Pl =l

plz) = )

2. Find the integrating factor p: p = gf pz)dz




linear equations

Multiply both sides by o : ,OZ:—Z + ,op(x)y = ,og(x)

The left side of the equ. can be simplified as, dﬁ { y,o}
z

Integrate both sides of the equ. to obtain

yp = fQ(x)ﬂdx

If given an initial condition, substitute into the solution.




Example 2.8

Solve the following differential equation:




Solution :

Step 1 :

Step 2 :

ay (2], _ 52
a’x—l_[x]y_ 7
_ 2 _ 527 _
p(x)-;, q(.z')— . = 527
ga’x
p=e"
_62111:5
:elnz2




Step 3 - Multiply both sides by p = 2° :

2y 2|2y =2 (52)

A

Step 4 -




Example 2.9

Solve the following differential equation:

(ex + 1)%4— 'y = z, y(O) =1




Solution :

Step 1. a’_y_|_ c Y= a :
744 e’ +1 e’ +1
e’ z
plz)= ; z) =
() e’ +1 () e’ +1
f;x dr
Step2: p=¢ ¢+ | letu=¢"+1
fé@ J i
_g v/ G _ o gy =
dr e’
:elnu
lnex—l—l‘
= ¢




Step 3. Multiply both sidesby p = ¢* + 1 :

y=|¢ +1)[€$‘il]1

e.Z'

e’ +1

(e + 1)%+ (e +1)

(ex+l)%+e‘”y= T

Step 4 -




Step 5 :

2
1= <O) + ¢
2@9+1) @P+1)
1= ¢ =. (0 =
2
Particular solution 1s
2 2
Y= +

2(e" +1) (e +1]

=l




Exercise 2.1

Solve the following differential equation:

ay
<+ (2—z2)y=¢€e"cosz
S (2-2)y
e’ | . cosz (O
Answer : y = —| sin z 1 |

z z z




exact equations

General form:

M(x,y)a’x+ /V(x,y)a’y: 0
Method of solution:
1. Write down your M(x, y) and /V(x, y)

oM ON
Oy Oz
3. Let F(x, y) be the solution,

2. Test for exactness:

1) 1integrate 47/ with respect to 2 while holding # constant,

to obtain,

F:f./l/a’x+ ¢<y) ------ (2) or

where ¢<y) 1s an arbitrary function of z.




ii) integrate /V with respect to y while holding 2 constant,

to obtain,

7= [ Nay+ o[ z))-w()

where ¢( x) 1s an arbitrary function of 2.

i) Differentiate / from (z) with respect to g, and equate
the result to /V and find &' ( y)

— =N or

ii) Differentiate /' from (z7) with respect to z, and equate

the result to 47 and find & ( x)

or _ .,
0z




. The solution of the equation is:

. 1) Integrate ¢ ( y) with respect to y to find ¢( y)

s(y)= [ & (v) dy or

ii) Integrate 4’z with respect to z to find ¢( x)

¢<x> — f&’(z) dr

. Put back the value of g/ﬁ( y) or gé(x) in /’ equation

F(x,y): C




Example 2.10

Solve the following differential equation:

dy
dz

(224 3)+(2y—2)—= =0




Solution :

Step 1 :

Step 2 :

Step 3 -

(2x—|—3)a’x—|—(2y—2)a’y: 0

M =2z + 3; N =2y —2
Test exactness:

oM 2*

Qy 8M = oN = Fract
N _ 89 Oz

Oz

= [ s+ 4(y)
F= [(220+3)dr+ o(y)

F=2 4304 o(y)

F:z2+3x+¢(y>




0F

Step 4 - Find — = /AN
Qy
040+ ¢ (y)=2y—2
¢'(g) =2y — 2

Step 5:  Integrate ¢’(g) to get ¢(y) :

g/ﬁ(g) =~ 20 + A
dy)=y —2y+ 4
Step 6 : Put back the ¢( y) value in /" equation:

F(x,y)zO
2 +3z+ -2+ A=C
P +3z+y —2y=2- where B=C— A4




Example 2.11

Solve the following differential equation:
(Szzy— l)a’x—l— <x3 + 6y — yz)a’y =0
Given that, y(()) = 3.




Solution :

Step 1 :

Step 2 :

Step 3 :

(3z2y—1)a’x+<x3 +6y—yz)a’y: 0
M=32y—1, N=2+6y—

Test exactness:

oM ’

— = 327

0y : %M = %N = Fract
0_/\/ — 342 4 o

oz

F:fM%+¢@)
fEi[@ﬁy—wd%+¢@)




Step 4 -

Step b :

Integrate ¢’ (y) to get ¢(g) :

3(y) =f¢’(y)dy
3(y) = [(~* +6y)dy

3 3
¢(g)=—%+%+,4=—%+3y2+/1




Step 6 : Put back the ¢( y) value in /' equation:
F ( , y) =

3
x?’y—x—'%—I—Byz—i—A:O

3
xSy—x—'%—FSyZ = /5, where 5= C— 4

Step T : When y(O)zS:

3
(0)33—()—%4&(3)2 —C
9427 =C
L C=18

7
x3y—x—§+3g2 = 18




Exercise 2.2

Solve the following differential equation:

(9—|—Cosy—Cosx)a’x+(x—xsiny)dy: 0

Answer : zy + rcosy—sine =5, BF=A—-C




2.2 applications of 1st ODE

@®Newton’s Law of Cooling

®Modeling of Population Growth




2.2.1 newton’s law of cooling

Definition (by word):

“Newton's Law of Cooling states that the rate
of change of the temperature of an object is
proportional to the difference between its
own temperature and the ambient

temperature (the surroundings temperature)”




Mathematically: lts own

Ambient
temp.

The rate
of change

7> 7, = Cooling = ar is decreasing
Separable Equ. dt

. d7l’ . . :
7' < 7, = Heating = — 1S Increasing

Solution:
Represent the
temperature T( Z‘)
of an object
at time ¢.




Step 1 :

Step 2 :

ar _
dt
1
dl = —Fk dt
r-1,
Integrate the both sides,

—k(T-T)

S

f L or= [t a

In

eln T—];

™
|
™~
i
AN
ml
X




Example 2.14

A body of an apparent homicide victim was found in a room that
was kept at a constant temperature of 70° /" At 12 noon, the
temperature of the body was 80°/" and at 1 pm it was 75° 7.
Assume that the temperature of the body at the time of death was

98.6" /. Based on the given information, determine the time of death.

Solution -

Surrounding temp.: 7]= T0°/

Initial temp. (12 noon): 7= 80°/
Temp. after 1 hour (1 pm): 7= 75°/
Temp. of normal body: 7= 98.6°#




Solution :

dT
Sten 1 : — = ~k(7T-T7), 7(0)=17

= 7=17 + Ae*

Step 2 When /=10, 7= 80, 7, = 70 :
80 = 70 + A M)
. A=10

= |7 =70 + 10 ¥
Step 3 - When¢=1 7 =75:

75 = 70 + 10¢ "




=
10

ln[l] = —£k
2

A =0.6931

= |7 = 70 + 10 "%V
Step 4 - Determine the time of death, when 7" = 98.6:

98.6 = 70 + 10e V-093Y
98.6 — 70 6931/

(2 86) —0.6931¢
. ¢ = —1.5161 hours
The negative sign indicates that the time 1s 1.5161 hrs before 12 noon.

Therefore, the time of death 1s approximately at 10.29 am.




example 2.15

Solution :

Surrounding temp.: 7= 73°/

Initial temp. (8.30 pm): 7= 78.3°/
Temp. after 1.5 hour (10 pm): 7] .= 74°F
Temp. of normal body: 7= 98.6°#

dT
Step 1 : —=—k7T-7), 7(00)=17]
ot L rog), 1(0)=
=>T:TS—|—A6_/“
Step 2 When ¢ =0, 7="783, 7, =73 :

783 = 73 + A M0
A=053
= 7 =T0+53c"




Step 3 - When £ =1.5, 7= 74 :
74 = 73 + 5.3¢ 19

4-73 15k
5.3
In| — 10 = —1.54
53
A =1.1118

= 7'=T73+5.3¢ ¥

Step 4 - Determine the time of death, when 7" = 98.6:
98.6 = 73 + 5.3¢ 111¥
98.6 — T3 _ _iins

(4 83) —1.1118¢
¢ = —1.42 hours

So, death occurred about 7.05pm.




Exercise 2.3

A pie is removed from an oven with temperature 350° /" and
cooled in a room with temperature 75° /. In 15 minutes, the pie
has a temperature of 150° /. Determine the time required to cool

the pie to temperature of 80° 7"

Answer : ¢ = 46minutes




2.2.1 the population growth and
decay

Definition (by word):
“The rate of change of the population is

proportional to the existing population”




Mathematically:

The rate
of change

Separable Equ.

Solution:
Represent the
temperature |5 P
of an object
at time ¢.




Example 2.17:population growth

The population of a country 1s growing at a rate that 1s
proportional to the population of the country. The
population 1n 1990 was 20 million and 1n 2000, the

population was 22 million. Estimate the population in 2020.

56



Solution :

Initial (1990): 2 =20m

Population after 10years (2000): /7,= 22m
Population after 30years (2020): /3,7

dP

Step 1 : Z:P, P(O)Z}B
= P = A

Step 2 When 7 =0, ~Z = 20:
20 = A1)
S A=20

— P =20 "




Step 3 - When 7 =10, P = 22:
22 = 20£1)

22 _ A0%
20
22

In| — | = 104

20
oo A =0.009531
_ P — 900009531/

Step 4 - when 7 = 30:

P 2060.009531(30)

P = 26.62mzllion
So, 1in 2020 the population 1s about 26.62 million.




radioactive decay

O Radioactive substances randomly emit protons, electors, radiation,
and they are transformed in another substance.

O It can be seen that the time rate of change of the amount MV of a
radioactive substances is proportional to the amount of

radioactive substance. 1
U The half-life is the time, £ needed to get P(O) = 5}%

#t, #t,
f?)é’é:lf%ie 2=l:>/%z‘1 zlml:k'./%:ilnl
2 0 Y 2

z 2
%

Lm[z]f
2

Q Using the half-life, we get A(f) — ;36’%




