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CHAPTER 4 : VECTORS

3.1 Introduction

Definition 3.1
A vector is a quantity that has both magnitude and direction.

A vector is often represented by an arrow or a directed line segment.
The length of the arrow represents the magnitude of the vector and the
arrow points in the direction of the vector. For example, force,
velocity, acceleration, etc are quantity that has magnitude and
direction.

Definition 3.2
A scalar is a quantity that has magnitud only.

Length, area, volume, mass, time, etc are types of scalar that has
magnitude only.

3.2 Vector Representation

Suppose a particle moves along a line segment from point P to point
Q. The corresponding displacement vector, shown in figure below,
has initial point P (the tail) and the point Q is referred as its head and

we indicate this by writing PQ. Notice that the vector QP has the
same length but it is in the opposite direction.

Q Q
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A vector could be written as a, b, u, v and w. The magnitude of the
vector, v is denoted by |v|. Note that —v would represent a vector of
the same magnitude but with opposite direction.

3.3 Two Equal Vectors

Definition 3.3
Two vectors u and v are said to be equal if and only if they have the

same magnitude and the same direction

Example 1 :

/g /y u=yvandw

X

1=

1
I><

3.4 Addition of Vectors

Definition 3.4
If u and v are vectors, then the addition of u and v can be written as

u+v.
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The Triangle Law

If u and v are vectors, we connect the initial point of v with the
terminal point of u, then the sum u + v is the vector from the
initial point of u to the terminal point of v.

Example 2 :

y /\

u / \ u )y
/ 4 v

The Parallelogram Law

In figure below, we start with the same vectors u and v as in
figure above and we draw another copy of v with the same
initial point as u. Completing the parallelogram, we could see
that u+v=v+u. This also give another way to construct the
sum : if we place u and v so they start at the same point, then u
+ v lies along the diagonal of the parallelogram with u and v as
sides.

Example 3 :

i)

o

The Sum of a Number of Vectors Y
The sum of all vectors is given by the single vector joining the
start of the first to the end of last.
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Example 4:

A
1D |
+ +
o I
+ 1
1O X
I

1=

Note: Addition of vector is satisfied u + v =v + u (commutative law)

3.5 Subtraction of VVectors

Definition 3.5
If uand v are vectors, then u - v can be written as u +(-v)

Example 5:

Note: Subtraction of vectors is not satisfied the commutative law, but
their magnitudes are still the same even though the direction is

opposite.
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3.6  Scalar Multiplication of Vectors

Definition 3.6
If v is a vector and « is a scalar, then the scalar multiplication av

IS a vector whose length is |« | times the length of v and whose
direction is the same as v if « >0 and is opposite to v if a<0.

Example 6 :

3.7 Parallel Vectors

Definition 3.7
Two vectors u and v are said to be parallel if they are in the same
direction or opposite direction and v is equivalent to au.

Example 7:

-
|

3.8 Components of Vectors in Terms of Unit Vectors

If we place the initial point of a vector r at the origin of a rectangular
coordinate system, then the terminal point of r has coordinate of the
form (x,y,z). These coordinates are called the components of r and

we write
r=xi+yj+zk

Where, i, | and k are unit vectors in the x, y and z-axes, respectively.
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Unit vectors i, |, k.

(1,0,0) to be a unit vector in the ox direction (x-axis)
(0,1,0) to be a unit vector in the oy direction (y-axis)
(0,0,1)to be a unit vector in the oz direction (z-axis)

1
1
k

3.8.1 Vectors in Two Dimension (R?)

Two unit vectors along ox and oy direction are denoted by the symbol
i and | respectively.

Example 8 : u=3i+4j

{

4

w
v
>
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3.8.2 Vectors in Three Dimension (R®)

Three unit vectors along ox, oy and oz direction are denoted by the
symbol i, | and k respectively.

Example 9 : u=i+3j+5k

I
=

[EEY
v
<

3.9 Position Vectors

Definition 3.8
If r represents the vector from the origin to the point P(a, b, c) in
R®, then the position vector of P can be defined by

r=0P=(a,b,c)-(0,00)=(ab,c)

Example 10

Two forces D and E are acts from the origin point O. If D = 46N,
0p = 0°and E = 17N, 0 = 90°. Find the resultant force.

Solution

Position vector

OD =46i and OE =17j
Hence, the additional force is OD +OE = 46i +17j.
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3.10 Components of Vectors

Definition 3.9
If P and Q are two points in R® where P(a, b, ¢) and Q(x, v, z), then
the components vector P and Q can be defined by

P—Q:O—Q—@:(x,y,z)—(a,b,c):<x—a,y—b,z—c>

Example 11
Given P(5, 2, 1) and Q(6, 1, 7) are two points in R®. Find the

components vector of PQ .
Solution
PQ=0Q-0P =(6,1,7) —(5,2,1) =(1,-1, 6).

3.11 Magnitude (Length) of Vectors

Definition 3.10
If u is a vector with the components (a, b, ¢), then the magnitude

of vector u can be written as

|ul=+va® +b? +¢?

Example 12

Find the magnitude of the following vectors:
) u=(5,2)=5i+2j

i) u=(5,2,1)=5i+2j+k

Solutions
i) |u= V5% +22 =4/29
i) JuEv52+22+12 =4/30
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Definition 3.11
If P and Q are two points with coordinate (a, b, ¢) and (%, vy, 2),
respectively, then the length from P to Q can be written as

|PQ = y/(x—a)? +(y —b)? +(z—c)?

Example 13
If P(5, 2, 1) and Q(6, 1, 7) in R®. Find the length from P to Q.

Solution
|PQ = (6-5)" +(1-2)° +(7-1) =T* +(-1)* +6° =38

3.12 Unit Vectors

Definition 3.12
If u is a vector, then the unit vector u is defined by ﬁ:

-

. Where

=

U1,

A unit vector is a vector whose length is 1. Normally, the symbol ‘*
Is used to represent the unit vector. In general, if u=0, then the unit

vector that has the same direction as u is,

[
e

1< >

g:

c

. Then u=cu and c is a positive

|~ |
1<

In order to verify this, let c:l

scalar, so u has the same direction as u. Also

c

A 1
luHcuHcllul=—]ul=1
Ul
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Example 14
Find the unit vector in the direction of the vector u = 3i + 4j + 2k.

Solutions

|u|=+3"+4%+2 =29

A
g:

I PN S
J29© J29° 29~

3.13 Direction Angles and Direction Cosines

z

The direction angles of a vector OP = xi + yj+zk are the angles o,

and y that OP makes with the positive x-, y- and z-axes. The cosines
of these direction angles, cos o, cos B and cos y are called the
direction cosines of the vector OP and defined by

Cosa= >, CosB=%, Cosy = L [0<a,B,y<1807

|OP | |OP | |OP |

Example 15
Find the direction angles of the vector u = 6i -5j + 8k

Solution
|ul=/36+25+64 =125 =5./5.

cosa=

i cos B = __5 CoS Y i
55 5.5 5.5

© Universiti Malaysia Perlis

Page 53



3.14

CHAPTER 3: VECTORS

DQT 101

Operations of Vectors by Components

Definition 3.13
If u=(uy, Uy, U3y, v=1{_vy V,, v3) and k is a scalar, then

U+V=(Up+Vy U+ Vy U+ V3)

i) U-V=(Uj-Vq, Uy -Vy U3 -Vs3)
i)  ku = (kuy, ku,, kus)

Example 16

Givenu=(2,-1,1)andv=¢(1,3,-2). Find

i) u+y

i)  u-v

i) v-u

iv) 3u

V) 4y

Solutions

) u+v=¢(3,2-1)

i) u-v=(1-43)

i) v-u=¢(-1,4,-3)

iv) 3u=¢(6,-3,3)

V) 4v = (4,12, -8)

Properties of A Vectors
If a, b, and c are vectors, k and t are scalar, then

i)
i)
iii)
iv)
v)
Vi)
Vii)
viii)
IX)
X)

a+tb=b+a
at(b+c)=(@a+b)+c
a+0=0+a=a
at(a=(a+a=0
k(a + b) = ka + kb
(k+tla=ka+ta
k(tb) = (kt)b

Oc=0

la=a

-1b=-b
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3.15 Product of Two Vectors

Definition 3.14 (The Dot/Scalar Product)
If U= Ui + Upj + Ugk and v = vqi + v,j + vk are vectors in R?, then
the dot product of u and v can be written as

U-v=upyVvy+uUV,+U3V3

Teorem 1
If 0 is the angle between the vectors u and v, then

I
<

cose=|

=
<

Example 17
Find the angle between the vectorsu =4i—-5]—kandv =i+ 2] + 3k.

Solution
U-V=(4xD)+(-5x2)+(-1x3)=-9
U= /4% +(-5)? +(-1)? =42
VIEVI2 +22 +3 =414

From the theorem 1,

cosg= Y _ 9 _ -9
lullv] 42414 2147
Therefore,
-9
6 =cos™ =111.79°
(2\/147] '
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Properties of the Dot Product
i) u.v=v.u

1<
= +

[
+ 1=

- W

):

Iv) Ifkisascalar, then k(u.v)=(ku).v=u. (kv)

V.W+U.z+V.zZ

vi) ii=jj=kk=1
vii) Ifu and v are orthogonal, then u.v=0
vidi.j=]1.k=k.i =0

viii) u.u =uf

Definition 3.15 (The Cross Product)
If u= {uy Uy, Uzyand v = (vyq, Vo, V3) are vectors, then the cross

product of u and v is the vector

ij k
UXV=U Uy Ul = (UyVs —UgV,)i — (U — u3vl)j +(UVv, —U,vy K

Vl VZ V3

Example 18

If u=3i+6]+k and v=4i+5]-2k. Find

i) uxv

i) vxu

Solutions

i) uxv=-17i +10j — 9k
i)  vxu=17i-10j + 9k
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Theorem 2
If u={ug, Uy, U3) and v = (vy, Vy, V3) are vectors in R®, then

uXyV=|ullv/sin 6 n

where 6 is the angle between the vectors u and v and g IS a
normal unit vector that perpendicular to both u and v.

u

=
P
<
<
X
=

Note that:
uXy=lullv|sin6 n

uxy|=lullvsin 6 n |
ux v = ullv| sin 6
= Area of the parallelogram determined by u and v.
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Example 19
Find the angle between the vectors u = 4i + 5] — 3k and v = 2i + .
Solution
i j Kk
uxv=4 5 -3=3i—-6]—6k
2 1 0
U X V| =3 +(-6)? +(-6)* =9
ul = 5v2 and |v| =
sing= WY = 9 _ 560
ulv  sv2v5

0 = sin(0.5692) = 34.70°

Properties of the Cross Product

If u, v, w are vectors and Kk is a scalar, then
) UXV=-VXU
i)  UX(V+W) =UuXV+UXWw

i) uxkv=(ku)xv=k{uxv)

Iv) ux0=0xu=0

v) uxv=0ifandonlyifu//v
vi) |uxyv|=|u|lv|sin 6

viil) ixi = jxj=kxk =0

iX) ixj=k;jxk=i;kxi=j
X) jxi=-k;; kxj=-i;ixk=-
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3.16 Applications of the Dot Product and Cross Product
) Projections

Figure below shows representations PQ and PR of two vectors a and
b with the same initial point P. If S is the foot of the perpendicular
from R to the lines containing PQ, then the vector with representation

PS is called the vector projection of b onto a and is denoted by
projaqb.

[
>

P projb S' Q

The scalar projection of b onto a (also called the component of b
along a) is defined to be magnitude of the vector projection, which is
the number |b| cos 6, where @ is the angle between a and b. This is
denoted by comp,b. The equation

aeb=a|b|cosd

shows that the dot product of a and b can be interpreted as the length
of a times the scalar projection of b onto a. Since

aeb a
al |a

|b|cos€=I

the component of b along a can be computed by taking the dot
product of b with the unit vector in the direction of a.
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Scalar projection of bontoa:  comp,b = ab
EY
Vector projection of bontoa:  proj,b= (%TJ% = Ia'lkz)
a

Example 20
Givenb =i+ ]+ 2k and a = -2i + 3] + k. Find the scalar projection
and vector projection of b onto a.

Solution
Since |al=+/(-2)® +(3%)+1% =14, the scalar projection of b onto a is

_ab_ (20+30)+12) _ 3
comp,b = al T =12

The vector projection is this scalar projection times the unit vector in
the direction of a is

: 3 )a 39 3

rojb=| —|—=(-=,—,—

Pl (\/14j|a| < 714 14>

i)  The Area of Triangle and Parallelogram

A_ C

|

b B

Area of triangle OBC =% |a| |b| sin 6 = %2 |a X b|

Area of parallelogram OBCA = |a| |b| sin 6 =|a X b|
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Find the area of triangle and parallelogram with A(1,-1, 0), B(2, 1, -1) and
C(-1, 1, 2).

Solution
AB=0B-0A=(21-1)-1-10)=(12,—1)
AC=0C —OA=(-112) —(1,-1,0) =(-2,2,2)
i j k
-1=6i+6k=(6,0,6)

N

Area of triangle ABC = %2 | AB x AC |

= Y2 |6i + 6]

=15 V6% +6°

=% J72

=32
Area of parallelogram with adjacent sides AB and AC is the length of
cross product | AB x AC | =+/72.

i)  The Volume of Parallelepiped and Tetrahedron

Parallelepiped determined by three vectors a, band c.
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The volume of the parallelepiped determined by the vectors a, b and ¢
Is the magnitude of their scalar triple product

V=la.(bxc)]

Notice that:
i) a.(bxc) = (axb).c
a.(bxgc) ifa=(a,a,.a,), b=(h,b,b;)and c=(c,c,c;) sO
a & &
a.(bxc)=p, b, b
Cl C2 C3

i) If a.(bxc)=0,then the all vectors on a same plane.

@)
e

4

The volume of the tetrahedron by the vectors a, b and c is %of the

volume of parallelepiped, thatis V = %| a.(bxco)].
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Iv)  Equations of Planes

1= (X, Y, 21

A%y, 2)

Let P(x, y, z) a point on the plane S and n is normal vector to the plane
S. If P1(Xq, Y1, z1) i1s an arbitrary point in the plane S, then

e

PP.n =20

(X—X,Y—-Y1,Z—73) . {a,b,c) =0

a(x—xy) +b(y—y) +c(z-2,)=0
So that, the equation of the plane is given by

ax + by + cz + k=0; where k=-ax;— by, -cz;
Example 22

Find an equation of the plane through the point P(3,-1,7) with normal
vector n=({4,2,5).

Solution
Let Q(x, y, z) be any point on plane S and through the point P(3,-1,7),
then

PQ.n =0

(x-3,y+1,z-7) .(4,2,5) =0
4(x—-3)+2(y+1)+5(z-7)=0

So that, the equation of the plane through P with normal vector n is
4x + 2y +52-45=0.
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V) Parametric Equations of A Line in R®

v{a,b,c)

A(Xl1 yl1 Zl)

A line | in three-dimensional space is determined when we know a
point A(Xy, Y1, z1) on | and the direction of I. The direction of line is
conveniently described by a vector, so we let v be a vector parallel to
I. If B(X, Y, z) be an arbitrary point on I, then

AB = t.v: tisascalar
become

(X=X, Y—Y,Z2—21) =t.{a,b,c) = (ta, tb, tc)
So that, the parametric equations of a line can be written as

X = X +ta
y =y +tb
Z =17,+1C

or
X X, a
yl=|y, |+t Db
z Z, c

These equations can be described in terms of Cartesian equations
when we eliminate the parameter of t from parametric equations.
Therefore, we obtain

t= X_Xlzy_ylzz_zl

, a,b,c#0.
a b C
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Example 23
a) Find a parametric equations of the line that passes through the point

P(1, 2, 3) and is parallel to the vectorv = (1, -1, 2).
b) From the result of (a), state the parametric equations to the Cartesian
equations.

Solutions
a) Let Q (x, Y, z) be any point on |, then

PQ = t.v; t isascalar
(x-1,y-2,z-3) =t.(1,-1,2)
So that, the parametric equations of the line is

X =1+t
y =2-t
z =3+2t
or
X 1 1
yl=|2+t -1
Z 3 2

b) From the result of (a) above, the cartesian equation is

t= x-1 2-y z-3
1 1 2
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vi)  Distance from a Point to the Plane

/~P1\

[y

\ D

1=

Po

Let Po(Xo, Yo, Zo) be any point in the given plane and let b be the vector
corresponding to P,P,, then

D:<X_Xovy_yo’z_zo>

From figure above, we can se that the distance D from P, to the plane
Is equal to the absolute value of the vector projection of b onto the
normal vectorn= {a, b, c). Thus

(W
Inf
_ |n0b|
|
— |a(x—x0)+b(y—y0)+c(z—zo)|
JaZ +b% +¢?
_ |(ax+by +cz) — (ax, + by, +cz,)|

Ja? +b? +c?

D= |W1| =

Since Pqo(Xo, Yo, Zo) lies in the plane, its coordinates satisfy the equation
of the plane and so we have ax, +by, +cz, =—d . Thus, the formula for

D can be written as

_ |ax+by+cz +d|

D
va?+b?+c?
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Example 24
Find the distance between the parallel planes 10x +2y -2z =5 and

oX +y —z =1.

Solution
If S; = 10x +2y -2z =5,thenn; = (10, 2,-2)

IfS;=5x +y —z =1,thenn, = (5,1, -1)

Choose any point on S; plane and calculate its distance to the S, plane.
If we puty =z = 0 in the equation of the S; plane, then x = % So

(%, 0, 0) is a point in this plane. The distance between (%, 0, 0) and

the S, plane is

D= =
V52 +17 + (=1)°

5(;) HO-10-1
6
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