LAPLACE TRANSFORM
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Laplace transform method

®The Laplace transform was developed by the
French mathematician by the same name (1749-
1827) and was widely adapted to engineering
problems in the last century.

@lts utility lies in the ability to convert differential
equations to algebraic forms that are more easily
solved. The notation has become very common in
certain areas as a form of engineering “language”
for dealing with systems.




Steps involved in using the
Laplace transform

Transform

Differential diff:coequ. Solve equ. D?;\elgr'f‘sre
Rquation algebraic /== by algebra transform
form



4.1: Definition of laplace
transform

Let /(7)be a function defined for all 7> 0. The integral
| e s(e)ar

is called Laplace transform of /(7) if the integral exists.

We write as

F(s)=L{/(2)} = jooo e f(2) dr

where 1s L interpreted as an operator




Example 4.1

By using the definition of Laplace transform, find the

Laplace transform of the following functions:
a) f(7)=r
b) f(7)=¢*




Solution (a):
s)=r
F(s)=L{f(7)}=L{s]
= j: £ e df (solve using B.P/T.M)

__ re e Ze”}
0

) R) S

s s 5
- (O)2 e B 2(0)6_5(0) B 2¢ ")
S 5 5




Solution (b):




Example 4.2

Find the Laplace transform of the following function
using the definition of Laplace transform

1, 0<rs<2

S(7)=42, 2<r<4

3, >4

.




Solution:
F(s)=L{/(7)]
[[ear+ [ (2)ear+ [ (3)eae
oD 4 00
e " dr+ ZJ e dr+ 3J. e dr
Jo 2 4
B — 5/ 2 — 5/ 4 — 57 ®
5SS
=5 o -3, —3 4
[ -5(2) ~5(0) ~5(4) ~5(2) ~ (=) ~5(4)
—8 —5 —5 —5 —8 —5

€—2s 1 2 e—4s 2 €—2s 3 e—4s
=— —— + +
S S S S S
€—2s e—4s
=—+—




Exercise 4.1

By using the definition of Laplace transform, find the

Laplace transform of the following functions:

/(#)=cos(ar), where a be constant




4.2: Table of laplace transform

fe) | Ly =Fls)| 1) LI )y = F(s)
a @ b
“ s ¢ smot (s—a) +b”
. B 7! at 5 §S—d
r.n=123.. F e cosbt [5—.-:1]1+b:
. 1 v !
¢ f§—a he (5 - H]"_l
. " d”
snat | 0| rl) | )
cosat - e“ 1) F(s—a)
s"+a
sinh at - fa}' V' (t) sY(s)- »(0)
coshat > v'(t) s¥(s)-sv(0)- v'(0)




Exercise 4.2

By using the table of Laplace transforms, find
the Laplace transforms for the given //(7)

a) f(7)=5 fy f(s)=e"
b) f(z)=¢"
c) f(7)=cos3s




4.3: properties of laplace
transform

® LINEARITY
® FIRST SHIFT THEOREM

® MULTIPLYING BY Z° THEOREM




Linearity theorem

If L{f, (1‘)} and L{f, (r)} exist, and if @ and [ are constants,
then,

Lia fi(t)+ B L (1) = a L{f (1)} + BLUL (1))

We say that the operator L is linear.




Example 4.3

Find the Laplace transform for the following functions:
a) [f(z)=-20+71

b) f(f) =11 +6¢

c) f(z)=-2cos5¢+67-9¢™




Solution :

a) /1 )=—213+7z
( ) /()

\_/

{ 27 +74




Solution :

b) /(£)=11¢"+6¢
= F(s)=L{/(2)} = L{11" + 6/
=11L{e"} +6L{s]

v
=11( 1 j+6( {lj
s—3 s

11 6

2
s—3 5




Solution :

c) f(z)=-2cos5/+67-9¢™
= F(s)= L1/ (1)} = L{-2cos50+60-9¢7|
= 2L {cos A} +6L{A-9L{e ™)

:_2(fiszj%(ﬁlj_g[f—(l*)]

2. 6 9
= =
s +25 & s+5




First shift theorem

If L{f (r)} =F (S) and a is a constant, then

Le” f(t)h=F(s—a).




Example 4.4

Find the Laplace transform for the following functions:
a) [f(z)=ré"

b) /f(7)=e"cos(6¢7)

c) /(z)=¢"sinh(2¢)




Solution :

a) [f(7)=ré"

= F(s)=L£{F) =55 =2




Solution :
b) /f(7)=e"cos(67)
S S

= F(s)= [,{cos(6f)} Ry
L{e" cos(6/‘)} = F(s—(—l))
:F(S+l)
s+1
(s+1)" +36
s+1
(s+1)" +36
s+1
T 425437




Solution :

c) /(z)=¢"sinh(2¢)
] 2 2
= F(s)= E{smh(Zi)} SR
E{e3f sinh(Zf)} = F(s-3)
2
(5—3)2 -4
2
B s —65+5




Multiplyingby

If£{f(t)} = F(s) and for n=1,2,3... then

£ 0= (1 PG




Example 4.5

Find the Laplace transform for the following functions:
a) f(r)=re”

b) /(7)=rsin(37)

c) f(7)=¢ cosh(7)




Solution :

a) f(r)=re™

= F(s)= [Z{e_z’} _

Ss+2

£l =(-1) < Liz}




Solution :

b) /(7)=1rsin(3/)

= F(s)=L{sin(37)} = :

57 +3
L{rsin(32)} = (-1) 2[5213}

:(_1)1 35[(52 +2)_1}

AY

- _1.3.—1(52 +2)_2 28
6.5
(f +2)2




Solution :
C) f(f) =7 cosh(i)
= F(s5)= L{cosh(i)} =

Ky
2
s —1

e Ky
_1Y
e

J (5'2—1)(1)—5(25')
cz’s_ (52 _1)2

L {1‘2 cosh(f)}

d _ -5 _
ds (52—1)2




Solution (cOnt.) :

d _ —1-s _

ds _(52 _1)2 |

(5 -1) (—25)—(—1—52)(2-(52 -1) -25)
(#-1)

- —25(52 —1)2 + 45(1 +52)(52 —1)1

(s -1)
B 25 +4s5 —6s 25 +6s

)




4.4: inverse laplace transform

If Laplace transform of / (Z) 1s
LU(0) = #(s)
Then, the inverse of Laplace transform of #(.s)is /(7).

The notation for the operation of inverse Laplace transform

1S




Example 4.7

Find the inverse Laplace transform of the following functions:

a) F(s)zg b) F(s):S_i

) F(s)=519 d) F(S):Si7
D0 A
) F(S)2522—4 h) F(S):szim




Solution :

6
a) F(S)_; El{;}Zd
= /()= =6
b) F(s)=2 El{ n!}: :

A} 6 3' 5/1+1
:/(;)251{7}:51{f+1}—;3

S
Q) A(s)=— R
S—da




Solution :




Solution :

g) F(s):ﬁ El{ffaz
= /(=0 sinn(2
W )=
:>f(f)251{f516}251{ff }zcosh(4/‘)
El{ ——

} _ cosh (a)



Example 4.8

Find the inverse Laplace transform of the following functions:

14 3

a) F(S)z? b) F(S)=52+16
2 e

© F(S):mfizs h A) =55

1
25+5

c) F(S) =




Solution :

D Fs5)="5

K}
14| 14

- /()=L" {_} B

S

3

b) #1(s)= 116




Solution :

2.8
F¢)=
2 (S) 165° +25
2.8 2 Ky
=L" ==L
= /() {1652+25} 16 %52+§>
\ 16 |

A >:lcos(§/‘j
8 4




Solution :

42
s- —49

= f(7)=L" {;‘_249} = 4251{
= 6sinh(77)

1
) )= 5003

d) F(S) =




4.5: properties of inverse laplace
transform

® LINEARITY
® FIRST SHIFT THEOREM

©® RATIONAL FUNCTION




Linearity

If L7H{F (.s)} =f (f) and [ l{G(.S)} = g(f) exist,

and if & and [ are constants, then

LHaFls)+ BG(sh = a L7{F(s)+ LG s )= o f(2)+ B glt).




Example 4.9

Find the inverse Laplace transform of the following functions:

s+3 25+7
D )= 70 b £lo)=7

35—6 —4.5+7
) )= 3506 ) A1) =5

s—6 6s5+5
o F19)=37 D )= 5 1e




Solution :

13 El{ff 2}zcosh(a/‘)

a
s —16
los+3 | .
jf(f)_f {52—16} o {52—16 iad {f }

) {s —42}53151{ —42}

= cosh (47)+ i sinh (47

a) F(S)Z

EI{SZ a 2}:sinh(a/f)
—a




Solution :

i
:»/(;)zcl{?:z}:zcl{




Solution :

3s—6
C Fls)=
) () 45* +16
:>f(f)=£_l{ 35_6 }:iﬁ_l< s >_§£—1< 1
4s5-+16) 4 , 16| 4 )
S +— Kyl E—
Sl }_Etl{ : }
4 ‘+4) 4 244
o 2S — ¢ =cos(az) - §
S +a 3 . § 6 1
=L Ya L YT
4 (s +2 4(2) s +2

_ 3003(21‘) —%sin(Z/‘)

4
{f+f




First shift theorem

If L7 {F(s)} = f(¢) and a is a constant,
then L7 {F(s —a)} = ™ f(¢)
or can be written as

EL{F(S—{I)} = E—'mﬁ_l{F(S)}.




Note:

a) If numerator of the given function contains 's'="'(s—a)+a'

in accordance to term the term (s— a) found in the denominator

S

B (S—d)-l—d_ (S—d)

a

Example:
Ky

(S—cz)2+8_(S—cz)2+8_(S—a)2+8+(5—a)2—|—8
B (s—4)+4 B (5—4)

4

(s-4) +8 (s—4)

2

o 2 T 2
+8 (s—4) +8 (s—4) +8

b) If demominator contains the quadratic term, we need to do the
completing the square first
25" +1 B 25" +1
s +bs+c ( 5)2 (5)2
S+ 5 — 5 +cC
Example:
3 3 3




Example 4.10

Find the inverse Laplace transform of the following functions:
—6
D 9= (s—2)" -4
35—6
(S— 1)2 +35
25+5
s +45—6

b) F(S) =

C) F(S) =




Solution :

6
V F(S):(s—2)2—4
1 1
e =y
LU F(s—2) =€
oo L] [Fls-2) =700

6 ..
S 2 251{ —22}

= -3¢ smh El{ ¢ }zsinh(df)

7




Solution :

35—6

b) F(S):(S—1)2—|—5
= f()=L" 3 (s=1)+1]-6] J3(s=1)+3-6
s { (s=1) +5 }_ {(5—1)2+5

RS B Cind) N RV N
(s=1) +5 (s—1)" +5

=3¢ s Al 1

=3eL <\52+5} 3¢ L {52+5}

[~ ] &Ly

\52+(\/§)2) J5

=3¢ cos(\/gf) —%e’ sin(\/gz‘)

=3dL7




Solution :

25+5
() =
RO vy
= /()= L
4\ (4
s+—1| —| = | —6
\ 2j (2j J

o (2[(5+2)—2}+5} -

(s+2) -10

o 2(s+§)+1
(s+2)"~10




Solution :

:251{ (‘sz) }uﬂ{ L }
(s+2) =10 s+2) =10

=2 (" - al +e L : :
s —10 s —10

Ky | \/E

Ly~ g .

(o) | 1o e -(Vio)
)

=2¢ ' cosh (\/ﬁz‘) + L ¢’ sinh (\/ﬁf

J10

=22 L4




Inverse laplace transform of rational
functions

A rational function is basically a division of two polynomial functions.

. . . Pis
In general. the rational function of 5 can be written as % when the degree of
5
O(s)is higher than P(s).
Find the inverse Laplace transform using the rule of partial fraction and table
of Laplace transform

Rule of partial fraction are:

a) linear factor (s+a) — (Sfﬂ)
b) repeated linear factor (5+.-:1r]"z — 4 + 4 —+ 4s S+t "
(s+a) (s+a) (s+a) (s+a)
¢) quadratic factor (53‘+b5+c) —> 1A5+B
(5‘+b3+{:]
d) repeated quadratic factor
As+B, A5+ B, As+B_

- n
(5‘+b5+c] —> + — 4.+

(5:+b5+€) (53+b5+c] (52+b5+{:]ﬂ

where all 4. and B.,i=1.2.3...,n are constants need to be determined.




Example 4.11

Find the inverse Laplace transform of the following functions:

s —25+1
) F(S):(s+2)(f +4)

25+1
5 (5—3)
4.5

5* =36)(s-6)

b) F(S) =

C) F(S):(




Solution :

s —25+1
Fls)=
a) (S) (S+ 2)(52 n 4)
s =25+1 A  Bs+C
— _

(S+2)(s2+4)_s+2+ s* +4
5 —2s+1=A(s5 +4)+(5>s+ C)(s+2)
Lets=—2: 9=84 :.-.A:%
Lets=0: 1=44+2C
1= 4(2j+2c*:>.-. c=-1
8 4

Lets=1: 0=54+(8+C)(3)

0=5(2 J+( -7 )0) = 8-




Solution :

S —25+1 B A BS+C_2

e )
(s+2)(s*+4) s+2 s+4 8ls+2) 8ls+4) 45 +4
) s =251 | Ll Lo s | 7.0 1

[{(5+2)(f+4)}_ E{Hz} 3” {f+4} red {f+4}

9 i
8
9 i
8
9

—

ol i
s+2] 8 s +2°] 4(2)

s+ 27
ge 2 —%cos(21) —%sin(%)




Solution :

2s5+1
b #ls)= s*(s-3)
25+1 A B C
: :_+

s (s=3) s 52+S_3
25+1=As(s-3)+B(s-3)+ Cs’
Lets=0: 1:—35:.-.5:%

Lets=3: 7=9C=.. C:g

Lets=1: 3=-24-28+C

3 :—24—2(—1 Ly !
3)79 9




Solution :
24l A4 B C __Z(lj_l(i}
‘f(s—3)_5* s s=3  9ls) 3|4

o] 2541 :_ZEI<1>_1[1{%}+1[1{ }
,f(s—3) 9 s) 3 K 9 s—3




Solution :

c) Fls)= 4s”
) A1) (5 =36)(s—6)
N 45° _ 45° _ 45°
(f—36)(s—6) (5=6)(s+6)(s=6) (5-6) (s5+6)
4.5 A B C

(5-6) (5+6) (s-6) (s—6) (s+6)
45 = A(s—6)(s+6)+ B(s+6)+ C(s—6)
Lets=6: 144=128 =.. B=12
Lets=—6: 144=144C=.. C=1
Lets=0: 0=-364+68+36C
0=-364+6(12)+36=.. 4=3




Solution :

4.5 A B C
— = + +

(s -36)(s—6) (s-6) (s—6)" (s+6)

3 12 1
= +

(5=6) " (s—6)  (s+6)

=3 +1228" + &




Application of laplace transform

Qn a problem of \

1st order ODE: Cl§+b}/:f(f):> d)/,"‘b)/:f(f)

4%
» . adzywﬁwy:f(f)zﬂJ/"+/7)/'+cy=f(f)
2nd order ODE: I Jr

L{(7)f = ¥(s)
L1y (2)}=s5¥(s)=2(0)
L{(2)f = 5°Y ()= 57(0)-(0)

\_ /




Application of laplace transform

ﬁen solve the given problem using the following method of solutm

Step 1: Transform the left-hand and right-hand side of the differential
equation to generate an algebraic equation, ¥ s).

Step 2: Substitute conditions 3(«)=4 and )/(a)=c.
Step 3: Solve for ¥/(.s).
Step 4: Apply inverse Laplace transform, £ {Y(s)}

Step 5: Obtained J’(f) which is the original solution of the given
differential equation

\_ /




Example 4.12

Use the method of Laplace transform to find the solution of the

following 1nitial values problems.
ay =Y
a) ——6y=4e”, 0)=3
) 714 o )/( )

by J-y=z, »(0)=-2
c) V+4y=5, »(0)=-1




Solution :

ay Y
—~ —61y=4 , 0)=3
a) » y=ae )/( )

Step 1 L{)/} —6L{»} =4£{e‘2’} ’C{edf} -
4
s+2

SY(S) —y(O) — 6}’(5) =

4

Step 2: SY(S)—3—6Y(S)= )
S

Step 3: Solve for ¥(.s)

4 4 4+3(s5+2) 10+3s

s+2 (S+2) (S+2)

10+3s
(5+2)(5—6)

H(5)[5-6]=

Y(S) =




Step 4: Apply £ {Y(s)} :

L) =L {(5:(2);(?; 6)}

1043 4 B
(s+2)(s—6) s+2 5-6

10+3s= A(S—6)+B(S+ 2)

Lot s=—2 4=—8/4:>.-.,4=_%

Lot s=6: 28:85’:>.-.B:%

S e e )

El{(sjg;(fi@}:_%El{siz}%ﬁ{s;}




Step 5: Obtain y(#):

El{(sjg;(fi@}:_%El{siz}%ﬁ{sié}




Solution :

a) V-—y=te, »(0)=-2 L{;g‘”} _ 71! -
Step 1: £{y’}—£{y}z£{f€3’} (S—d)”
I! 1
SY(S)_J/(O)_Y(S): (5_3)1+1 = (5_3)2

Step 2: s¥(s)+2—F(s)=

5—3)
Step 3:  Solve for ¥(.s)
1 1-2(s-3) 25 +125—17
Hs)[s-1]m— s 2 223N 2
T P
:—252+125—17

Y(S) (s— 3)2 (S_ 1)




Step 4:  Apply E :

}{ 25 125 17}

:>—2f+12s 17 _ C
(s— 3) (5— 1) 5—3 (5 3) s—l
258 +125 17 = A(s-3)(s—1)+ B(s—1)+ C(s-3)
I

Lets=3: 1=24 :>,-_B=§

Lets=1: -7=4C = c:_%

Lets=0: -17=34-F+9C

~17 = 3A—l+9(—1j gt
2\ 4




(:23;26(:?) } _i(s;j%[(s—z)z J_7(ﬁ)

Step 5: Obtain y(7):

/:1{ —5" + 658 }:—151{ 1 }+151 1
(s=3)(s-1)) 4 Ls=3] 20 [(s-3)




Solution :

a) y+4y=5, )/(0)=—1 g{g}_ﬁ
Step 11 L{V'}+4L{y}=L{5] "
s¥(s5)-1(0)+47(s5)=>
s
Step 2: SY(S)+1+4Y(S):§
s
Step 3:  Solve for ¥(.s)
5 5-s
Y 4:——12
(]33
.'.Y(S): >

s(s+4)




Step 4 ApplyEl{Y(s) :

5—s _1_4+ 5
s (s+4)
S—S:A(5+4)+5’s

Lets=0: 5=44 = A=

Lets=—4: 9=—47 :,-,5:_%

s(ss_+s4) - 3(9_%&51 4)]




Step 5: Obtain y(#):




Example 4.13

Use the method of Laplace transform to find the solution of the

following initial values problems.

d’y dy
—-8y=4, 0)=2and J/(0)=3
a) —5+2— -8y=4, )(0)=2andy(0)
d2
b) - +4y e’ »(0)=2 and »'(0) =1

c) V'+2y+y=1¢, y(O)zlandy'(O)=—2




Solution :

Iy . av B B e\
a) — +2cz’z‘ 8y=4, y(O)—Zandy(O)—3 £{d}:£
Step 1: £{ ”}+2£{ } {y} { } S

S H(5)=9(0) =/ (0)+2(s7(5) ~(0)) =87 (s) =

Step 2: SZY(S)—ZS—?)-FZ(SY(S) ) Y(s)= 4
s
P V() +25¥(s5)—8¥(s)—25-T="2
5
Step 3:  Solve for ()
4425 +7s

4
()5 +25-8|=2 42547 =
(s)[s+ s ] S+ S+ .

'Y(S): 4425 +7s _ 25" +75+4
B S(52+2s—8) S(S—Z)(S+4)




Step 4. Apply E :

% 257 + 75+ 4 }

s( s+4
T 2)(s+4) s
25'2+7S+4=A(S—2)(S+4)+BS(S+4)+ CS(S—Z)

Lets=0: 4=-84 = A=t

_|_

25 +7s5+4 ,_4
s s—2 s+4

2

13

Lets=2: 26=12F = 5—6
Let s=—4: 8=24C :.-,czé
1

25+ Ts+4 1(1) 13( ) 1( 1 )
. — + —I——
s(s=2)(s+4) 2\s) 6\s-2) 3\ s+4




Step 5: Obtain y(f):

o {5(25_2)7&13)}:—

N | —
5
f_JH
“ | =
%K_J
_|_
N
5
—
N
| p—
\
%K_J




Solution :

dzy
2

a
) ar
Step 1:

Step 2:

Step 3:

+4y=e", y(O) =2 andy'(O) =1 |
C{y"}+4£{y}=£{e_2’} £{€ }:

52}’(5') — S)/(O) —y’(O) + 4}’(5) =

p—

SzY(S)—S(Z)—1+4Y(S) = 5

1

PY(s)+4Y(s)-25—1=
s V(s)+4Y(s)—-2s 5

Solve for ¥(.s)
Y(S)I:Sz +4] = 5 +2s5+1= 1+(2S++1)2(S+2)
ple) e 1+(25+1)(5+2)

7(s) (s+2)(s2+4)




Step 4:  Apply L {Y(S)} :

EI{Y(S)}=£_1{1+(2S+1)(S+2)}

(s+ 2)(52 + 4)

1+(25+1)(s+2) 4  Bs+C

~ (s+2)(s2 +4) 542 ’ (52 +4)

1+(28+1)(5+2) = A(5° +4)+(Bs+ C) (5+2)

Lets=-2: 1=84 :.‘.A:%

Lets=0: 3:4A+2C:>3:4(%j+26 :.-.C:%
Lets=4: 55=204+(48+C)(6)

55:20(%j+245+ 6(%) = F=—

léi;(ljz(i)z) :é(sle} 185(5214j+%(521+4j




Step 5:  Obtain y(7):
e 1+(25+1)(s+2)| E{ 1 }+1_551{ 5 }+§EI{
(s+2)(5° +4) s+2] 8 s +4] 4 2

1, 15 [ s 5
- _ = r -
g¢ 7 {s +22} )"
‘)

y(z‘):%e_ +1§5cos(21‘)+ =sin(2




Solution :
a) J'+2)+y=1¢, »(0)=1and y'(0)=-2
Step 1:  L{Y}+2L{/}+ L{y} = E{fef}

52}’(5) — S)/(O) —y’(O) + Z(SY(S) —y(O)) + Y(y) =

SzY(S) — S)/(O) —y’(O) + Z(SY(S) —y(O)) + Y(s) =

Step 2: s*¥(s)—5+2+2(s¥(5) 1)+ ¥(s)=

(s=1)

SZY(S) + 2SY(S)+ Y(S)—S: (5—1)2

Step 3:  Solve for ¥(.s)

o Cdts(s—1)
Y(S)[SZ +25+1} = (5—1)2 + 5= (5—1)2
Y(S): 1+S(S—1)2 _ 1+S(S—1)2

(s=1)" (5" +25+1) (s=1)(s+1)’




Step 4:  Apply E :

¥(s)}:
1-|—S
S 1) S-I-l

1+ss 1 C D

3(5_1) (m) :(5—1)+(s_1) ") (se)
1+s5(s—1) = A(s=1)(s+1) + B(s+1) + C(s-1) (s+1)+ D(s-1)

Lets=1: 1=47 :.-,3:%

Lets=—1: —3=4D:>,-,p=_%

Lets=0: 1=—A+F+C+D

1:—A+l+ C—i
4 4




Lets=2: 3=94+9F5+3C+ D

3=9Ar+9(lj+3c—i
4 4

= Solve (1) and (2), .. A= —i, C:%

CEizo Sl ol R ()




Step 5:  Obtain y(7):

e e e

1,1 5 , 3
l)= ——d+—td+=e¢'—=te’
) 4 4 4 4




